Impact of thermal loads on interfacial debonding in FRP strengthened beams  by Rabinovitch, Oded
International Journal of Solids and Structures 47 (2010) 3234–3244Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rImpact of thermal loads on interfacial debonding in FRP strengthened beams
Oded Rabinovitch ⇑,1
Faculty of Civil and Environmental Engineering, Technion – Israel Institute of Technology, Technion City, Haifa 32000, Israela r t i c l e i n f o
Article history:
Received 5 May 2009
Received in revised form 23 October 2009
Available online 19 August 2010
Keywords:
Strengthening
Beams
Adhesive bonding
Debonding
Thermal load
Temperature
Energy release rate
Structural analysis0020-7683/$ - see front matter  2010 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2010.08.003
⇑ Tel.: +972 4 829 3047; fax: +972 4 829 5697.
E-mail address: cvoded@tx.technion.ac.il
1 Associate Professor and Horev Fellow, supported ba b s t r a c t
The effect of thermal loads on the debonding mechanisms in beams strengthened with externally bonded
composite materials is analytically investigated. The analytical approach adopts a high-order stress anal-
ysis model and a fracture mechanics model that uses the concept of the energy release rate through the
thermo-mechanical form of the J-integral. The two models are combined to synthesize the relation
between the energy release rate, the mechanical loads, the thermal loads, and the interfacial crack length
simulating the thermo-mechanical debonding process. The model is supported through comparison with
experimental results taken from the literature. The comparison quantiﬁes and explains various phenom-
ena observed in the experiments and mainly the non-monotonic dependency of the debonding failure
load on the temperature. The impact of the temperature on the interfacial stresses and on the stability
of the debonding process is also studied. Finally, the effect of an uniform thermal load on the debonding
behavior of a strengthened beam is studied revealing the impact of the thermal load on the debonding
stability and strength characteristics.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The strengthening of structural elements with bonded ﬁber
reinforced polymers (FRP) is now an accepted upgrade technique.
Along with its vast advantages, this strengthening technique is
associated with unique and, in most cases, problematic failure
modes. The debonding failure mode, in which the external layer
peels off from the concrete substrate, is probably the most critical
one. This mode of failure is usually triggered by the stress concen-
tration near irregular point such as crack, unbonded areas, or ends
of the composite layer. Then, it propagates as an interfacial crack or
fewmillimeters within the concrete substrate. In both cases, signif-
icant parts of the debonding process (if not all of it) are unstable
with a rapid crack growth and a brittle failure.
The strengthened beam combines the concrete element, the
adhesive layer, and the composite reinforcement. These compo-
nents signiﬁcantly differ in their geometrical, mechanical, and elas-
tic properties. On top of that, they differ in their coefﬁcients of
thermal expansion (CTEs), see ACI 440 (2002). The CTE mismatch
and the inevitable exposure to thermal loads result in strain differ-
entials and thermally induced stresses. These stresses tend to con-
centrate near irregular points such as cracks, debonded regions, or
edges. For example, Rabinovitch (2007a) showed that service ther-
mal loads signiﬁcantly amplify the stress concentration near the
edge of the FRP strip. The ampliﬁcation of the interfacial stressesll rights reserved.
y the Taub Foundation.raises the question of the impact of the thermal loads on the deb-
onding failure of the beam. This question, which was not addressed
in Rabinovitch (2007a), stands in the focus of the present paper.
Along with the CTE mismatch, another inevitable aspect in
which the thermal load affects the debonding mechanism is the
degradation of the elastic properties of the adhesive. Under tem-
peratures that tend to the glass transition point, this effect proba-
bly becomes even more prominent than the CTE mismatch. Kelmar
et al. (2008) showed that Young’s modulus of the adhesive signif-
icantly reduces under temperatures above 40 C with a glass tran-
sition temperature of about Tg = 62 C (also see Biel and Carlberger,
2007; Carlberger et al., 2009). This effect joins the CTE mismatch
and impact the debonding failure of the element.
Opposed to the vast research on the effect of temperature on
the behavior of concrete structures with internal FRP reinforce-
ment (e.g. Katz et al., 1999; Katz and Bermal, 2000), the thermal
impact on externally strengthened elements received less atten-
tion. A comprehensive experimental study on the inﬂuence of tem-
perature on strengthened beams was reported by Klamer et al.
(2005, 2006a,b, 2008). This study revealed different and sometimes
opposite trends in different experimental setups. In double lap
shear tests, a temperature rise up to about 50 C lead to an increase
in the debonding load. Beyond that temperature, a notable de-
crease in the debonding load was observed (Klamer et al., 2005).
A similar and even more pronounced effect was also reported by
Blontrock (2003) (see in Klamer et al., 2005). On the other hand,
Di Tommaso et al. (2001) reported that under four point bending
of full scale strengthened beams, the failure load decreased with
the increase in temperature.
O. Rabinovitch / International Journal of Solids and Structures 47 (2010) 3234–3244 3235The different and, in some cases, opposite and non-monotonic
trends observed in the experiment deﬁne an analytical challenge
to be faced. The experimental observations also emphasize that
the debonding failure involves an interfacial crack initiation and
stable/unstable growth. This type of failure mechanism should be
treated using a fracture mechanics approach (Rabinovitch, 2004,
2008a; Rabinovitch and Frostig, 2001, Yang et al., 2006, Au and
Buyukozturk, 2006, Greco et al., 2007, Carpinteri et al., 2009), a
cohesive interface modeling approach (Taljsten, 1996; Wu and
Yin, 2003; Yuan et al., 2004; Niu and Wu, 2005; Lu et al.,
2005a,b; Wang, 2006a,b; Teng et al., 2006; Ferracuti et al., 2006;
Dai et al., 2005; Rabinovitch, 2008b) or a combined fracture
mechanics concept with empirically derived parameters (Karbhari
et al., 2006).
The use of a fracture mechanics, energy balance, or cohesive
interface approaches requires a sound stress analysis model for
the thermo-mechanically loaded strengthened beam. Stratford
and Cadei (2006) addressed the combined thermal and mechanical
loading and presented an analytical model for the evaluation of the
adhesion stresses in the strengthened beam. Deng et al. (2004) ana-
lytically studied the response of steel beams reinforced with CFRP
plates. Thermal strains were also taken into account in the model
of Roberts and Haji-Kazemi (1989). In the above models, a linear
deformations and uniform shear and vertical normal stresses distri-
butions through the depth of the adhesive layer were assumed. This
assumptionviolates the zero shear condition at the free edge and the
equilibriumconditionwithin the adhesive layer. Therefore, it affects
the assessment of the stress concentrations near irregular points
(edges, cracks, or debonded regions, etc.), see Rabinovitch (2004).
A high-order theory that avoids these obstacles was presented by
Rabinovitch and Frostig (2000). In this theory, the assumption that
the longitudinal stiffness of the adhesive layer is negligible with re-
spect to those of the FRP strip and the concrete beam yields an uni-
form shear and linear vertical normal stress distributions through
the thickness of the adhesive layer. A comparison of the stress ﬁelds
assessed by this theorywith ﬁnite element analysis appears in Rabi-
novitch and Frostig (2000). An augmented model that takes the
shear deformations of the adherents into account appears in Hamed
and Rabinovitch (2007). The stress ﬁelds determined by this model
near a cracked and debonded joint in a FRP strengthened masonry
wall were also compared with ﬁnite element analysis. The compar-
isons reveal a good agreement between the high-order analysis and
the results of the reﬁnedﬁnite element analysis but in both cases the
thermal effects were not taken into account.
Lovinger (2002) and Lovinger and Frostig (2004) studied the im-
pact of thermal loads on adhesively bonded cladding systems and
soft core sandwich plates, respectively. In both cases, a high-order
approach that overcomes the above obstacles was used (also see
Frostig, 1997). In Lovinger (2002), an energy release rate (ERR)
measure was analytically and experimentally deﬁned and a failure
criterion replacing the traditional allowable stress approach was
applied to the uncracked structure. This study attributed the stabil-
ity characteristics of the debonding process to the sign of the deriv-
ative of the ERR with respect to the crack length and made a
distinction between load control and displacement control condi-
tions. In Lovinger and Frostig (2004), the high-order stress analysis
under the combined thermal and mechanical loads was applied to
a 2D plate type of model. Frostig and Thomsen (2007, 2008a,b)
studied the impact of global and localized thermal loads on the
geometrically nonlinear response of soft core sandwich panels.
The formulation addressed the effect of the thermally induced
strains and the degradation of the elastic properties but did not
study their impact on the debonding characteristics. A high-order
model that accounts for the effect of uniform or linearly varying
temperature differentials was presented in Rabinovitch(2007).
The results highlighted the ampliﬁcation of the edge stresses dueto the thermal load. However, the impact of the thermal load on
the initiation and the stability characteristics of the debonding fail-
ure and the effect of the temperature-dependent properties were
not addressed.
A linear fracturemechanics (LFM)model for the simulation of the
debonding process in a mechanically stressed beam is presented in
Rabinovitch (2008a). This simulation is based on the relation be-
tween the load, the displacement, and the crack length under the
constraint (failure criterion) of the fracture energy. The results of
the LFM were compared with a nonlinear cohesive zone model
(Rabinovitch, 2008a,b). The cohesive zone model incorporates non-
linear relations between the tractions (normal and shear) and the
displacement jumps across the interface. It also accounts for an
interfacial concrete layer may remain attached to the debonded
FRP strip after failure. In that sense, it allows for the consideration
of a debonding locus within the concrete substrate, a phenomenon
that was observed in many experimental studies. The comparison
between the LFM model and the nonlinear cohesive fracture model
with a thin degraded interfacial layer reveals a reasonable agree-
ment in terms of the overall load deﬂection path and the ability of
the LFM model to describe the stability characteristics of the deb-
onding process. The correlation between the LFM and the nonlinear
cohesive interface model also imply that the LFM analysis can
potentially overcome the problematic use of stresses that are based
on linear analysis for the assessment of failure. The last advantage is
gained by a direct application of the ERR (energy balance) criterion
without the calibration of strength or failure strain, also see Rabi-
novitch and Frostig (2001). In that sense, the comparison implies
that the LFM model can capture the important aspects of the phys-
ical response described by the nonlinear fracture model. It is also
noted that in most cases, the concrete layer that is attached to the
FRP system is cracked and its contribution to the overall energy bal-
ance of the ERR is not expected to be signiﬁcant. Themodel and deb-
onding simulation presented in Rabinovitch (2008a) is, however,
limited to a single loading system with the advantage of linear
and quadratic dependency of the displacements and the energy,
respectively, on a single load factor. The procedure does not apply
to a combinedmechanical and thermal loading or to other combina-
tions of loading systems (see, for example, Rabinovitch, 2007b,c for
the assessment of the ERR under combined mechanical and electri-
cal loads of a piezoelectric structure).
The objective of the paper is to gain insight into the impact of
the thermal load on the debonding mechanism in beams strength-
ened with externally bonded FRP strips. To achieve this goal, an
analytical model for the thermo-mechanical debonding analysis
process is presented. The model focuses on interfacial debonding
and assumes that the debonding locus is along the interface of
the adhesive layer. The applicability of this modeling assumption
is supported by the comparison with the cohesive interface model
(Rabinovitch, 2008a) and by the anticipated minor contribution of
the cracked and debonded concrete cover layer to the energy bal-
ance used in the LFM. The model introduces the thermo-elastic ef-
fects through the constitutive modeling and accounts for multiple
loading scenarios that stem from the combination of mechanical
(gravity) and the thermal loads. In order to focus on the debonding
process and its stability characteristics, the model is derived
assuming physical and geometrical linearity and a static response.
The formulation also assumes that the stress and deformation
ﬁelds are uniform through the width of each component and that
the longitudinal rigidity of the adhesive layer is negligible with re-
spect to the adjacent components.
Anothermajor aspect of the analysis is the variation of the elastic
properties and the fracture energy with temperature. It is assumed
that the thermal loads are limited to the range where the elastic
properties of the concrete and the FRP are independent of the tem-
perature (up to about 100 C), see Di Tommaso et al. (2001), Saaﬁ
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2008) and the degradation of its elastic properties are, on the other
hand, taken into account. As for the temperature dependency of the
fracture energy, Biel and Carlberger (2007) and Carlberger et al.
(2009) experimentally showed that unlike the peak stresses and
critical elongations under peel loading, the impact of the tempera-
ture of the fracture energy is less sever. These publications reported
a slight decrease of about 10% at the highest temperature of 80 C.
Tschegg and Krassnitzer (2008), on the other hand, showed that
the fracture energy of a different epoxy paste and its interfacial frac-
ture energywith glass FRP composites reduce by about 18% and 10%
at 40 and 45 C, respectively. Qiao and Xu (2005) reported on a
more notable reduction of the fracture energy of the interface be-
tween carbon ﬁber fabrics impregnated with epoxy resin and con-
crete. They also revealed that in such interface, which is different
from the ones in the adhesively bonded pre-fabricated FRP compos-
ite, the fracture energy increases under low temperatures, has a lo-
cal peak at moderately high temperatures (about 55 C), and
decreases at 20–40 C and after the peak at 55 C. Although the
above observations refer to different materials, material combina-
tions, and interfaces, they imply that the potential dependency of
the fracture energy on the temperature should also be considered.
This aspect is, therefore, also addressed. It is, however, emphasized
that the dependency (or independency) of the properties of the var-
ious materials, and therefore the entire analysis, is limited to tem-
peratures that do not signiﬁcantly exceed the glass transition
point. More severe thermal events, much higher temperatures, or
ﬁre are not studied here.
2. Mathematical formulation
The mathematical formulation includes three main compo-
nents. The ﬁrst one is a stress analysis model that takes the effects
of the mechanical and the thermal loads into account. The model
follows Rabinovitch (2007a), Frostig (1997), Rabinovitch and Fro-
stig (2000) but takes into account the effect of the temperature
on the elastic properties of the adhesive (also see Frostig and
Thomsen, 2007, 2008b). For completeness, the relevant parts are
outlined in Section 2.1. The second component determines the en-
ergy release rate based on the results of the stress analysis model.
This part applies the thermo-mechanical form of the J-integral
(Rice, 1968; Wilson and Yu, 1979; Lei, 2005; Nairn, 2000) for the
assessment of the ERR. The third component uses the ﬁrst two to
simulate the equilibrium path of the thermo-mechanical debond-
ing process.
2.1. Stress analysis model
2.1.1. Notation, kinematics, and compatibility/debonding conditions
The notation and the sign conventions appear in Fig. 1. The sub-
scripts ‘‘rc”, ‘‘frp” and ‘‘a” refer to the reinforced concrete (RC)Fig. 1. Notation and sign conventions: (a) coordinate systems and displacebeam, the FRP strip, and the adhesive layer, respectively. The
strengthened beam combines different regions that include fully
bonded regions, debonded region, and un-strengthened regions.
In addition, the formulation makes a distinction between debond-
ed regions in which the interfaces are in contact and debonded re-
gions without such contact.
The kinematic relations for the RC beam and the FRP strip as-
sume small displacements and negligible shear deformation as
follows:
uiðx; ziÞ ¼ uoi  zibi wiðx; ziÞ ¼ wi bi ¼ wi;x; ð1a-cÞ
exxi ¼ uoi;x  ziwi;xx; ð2Þ
where uoi = uoi(x), wi = wi(x), and bi = bi(x) are the horizontal and
vertical displacements and the rotations of the cross section of
the RC beam (i = rc) and the mid-surface of the FRP strip (i = frp),
respectively; the coordinate systems (x, zi) (i = rc, frp) are located at
the centroid of the cross sections of each component; zi is measured
downwards; and (),x stands for a partial derivative with respect to x.
The kinematic relations for the adhesive read:
cxza ¼ ua;z þwa;x; ezza ¼ wa;z; ð3a;bÞ
where ua and wa are the adhesive horizontal and vertical displace-
ments, respectively, cxza is the shear angle, and ezza is the vertical
strain.
The conditions at the adhesive-concrete and adhesive-FRP
interfaces are given by:
hui ¼ 0 or sxz ¼ 0; ð4a;bÞ
hwi ¼ 0 or rzz ¼ 0; ð5a;bÞ
where hi stands for the jump across each interface and sxz and rzz
are the shear and normal stresses in the vertical direction. It is
emphasized that Eqs. (4,5) apply to each interfaces independently,
i.e. the two equations are imposed both at the adhesive-beam inter-
face and at the adhesive-FRP interface. Eqs. (4a) and (5a) stand for a
fully bonded interface and impose compatibility of deformations.
The zero shear condition Eq. (4b) stands for a debonded interface
in which surfaces are free to slip one with respect to another (the
effect of friction is neglected). The combination of Eq. (4b) and
(5b) yields a debonding without contact. The combination of Eq.
(4b) and (5a) yields a debonding with contact. These conditions
may vary from one interface to another and along the beam. The
length of the debonded region deﬁnes the length of the interfacial
crack, which controls the debonding process.
2.1.2. Equilibrium equations
The equilibrium equations and the boundary conditions are
independent of the thermal effect and thus follow Rabinovitch
and Frostig (2000). The equilibrium equations readments; (b) cross section; (c) interfacial stresses and stress resultants.
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Nfrp;x  bsxzaðx; za ¼ caÞ þ nfrp ¼ 0; ð7Þ
Mrc;xx þ bYrcsxza;xðx; za ¼ 0Þ þ brzzaðx; za ¼ 0Þ þ qrc ¼ 0; ð8Þ
Mfrp;xx þ bdfrp2 sxza;xðx; za ¼ caÞ  brzzaðx; za ¼ caÞ þ qfrp ¼ 0; ð9Þ
rzza;z þ sxza;x ¼ 0; ð10Þ
sxza;z ¼ 0; ð11Þ
where Nrc and Mrc are the internal stress resultants in the RC beam;
Nfrp and Mfrp are the internal stress resultants in the FRP strip; ni
and, qi, are distributed external loads at the RC beam (i = rc) and
the FRP strip (i = frp); b is the width of the FRP strip and the adhe-
sive layer; Yrc is the height of the centroid of the cross section of the
concrete element above its lower face, dfrp is the thickness of the
FRP strip; rzza(x,za) and sxza(x,za) are the vertical normal and shear
stress ﬁelds in the adhesive layer; ca is the height of the adhesive
layer and za is the vertical coordinate of the adhesive layer, which
is measured from the adhesive-concrete interface downwards (thus
za = 0 stands for the adhesive-concrete interface and za = ca stands
for the adhesive-FRP interface). For brevity, the boundary and con-
tinuity conditions are not presented here.
2.1.3. Constitutive relations
The total strains deﬁned in Eqs. (2–3) combine the mechanical
strains (designated with a superscript M) and the thermal strains
(designated with a superscript T) as follows:
exxrc ¼ eMxxrc þ eTxxrc; exxfrp ¼ eMxxfrp þ eTxxfrp; ezza ¼ eMzza þ eTzza;
ð12a-cÞ
Assuming a linear strain-temperature relation, the thermally in-
duced strains read:
eTxxrc ¼ arcDTrcðx; zrcÞ; exxfrp ¼ afrpDTfrpðx; zfrpÞ; ezza ¼ aaDTaðx; zaÞ;
ð13a-cÞ
DTiðx; ziÞ ¼ Tiðx; ziÞ  Toiðx; ziÞ; ð14Þ
where ai are the coefﬁcient of thermal expansion of the concrete
element (i = rc), the FRP (i = frp), and the adhesive (i = a), Ti(x,zi) is
the absolute temperature, Toi(x,zi) is the absolute temperature at
the time of curing of the adhesive, and DTi(x,zi) is the temperature
difference ﬁeld in each component. The absolute and the relative
temperature ﬁelds may be represented by any function of the spa-
tial coordinates. It is, however, assumed that this distribution is
known and it is independent of the displacements or any other as-
pect of the structural response.
The constitutive relations for the concrete or the composite
material are:
rxxi ¼ EieMxxt; ð15Þ
where Ei is the elastic modulus of a material point in the concrete
member (i = rc) or in the FRP strip (i = frp). Following Di Tommaso
et al. (2001) and Saaﬁ (2002), it is assumed that in the range of
examined thermal loads, the elastic properties of the concrete and
the FRP are not affected by the temperature. Thus, integrating Eq.
(15) and using the deﬁnitions of the stress resultants yield:
Nrc ¼ EArcuorc;x  NTrc Mrc ¼ EIrcwrc;xx MTrc; ð16a-bÞ
Nfrp ¼ A11frpuofrp;x  B11frpwfrp;xx  NTfrp;
Mfrp ¼ B11frpuofrp;x  D11frpwfrp;xx MTfrp; ð17a-bÞ
where EArc,EIrc are the inplane and ﬂexural stiffnesses of the RC
beam, A11frp, B11frp, D11frp are the stiffnesses of the FRP strip multi-
plied by its width, and NTi ;M
T
i equal:NTi
MTi
" #
¼
Z diYi
Yi
biEiaiDTi
1
zi
 
dzi ði ¼ rc; frpÞ; ð18Þ
where Yfrp = dfrp/2.
The constitutive relations of the adhesive read:
sxza ¼ Gacxza; rzza ¼ EaeMzza ¼ Eawa;z  EaaaDTa; ð19Þ
where Ga and Ea are the shear modulus and the vertical normal elas-
tic modulus of the adhesive, respectively. The elastic properties of
the adhesive layer may depend on the temperature and therefore,
in the general case, they read:
Ea ¼ EaðTaðx; zaÞÞ ¼ Eaðx; zaÞ; Ga ¼ GaððTaðx; zaÞÞ ¼ Gaðx; zaÞ;
ð20a;bÞ
where the temperature ﬁeld Ta = Ta(x,za) and the temperature-elas-
tic moduli relations are known a priori and assumed independent of
the mechanical response.
2.1.4. Adhesive layer – stress and displacement ﬁelds
The derivation of the stress and the displacement ﬁelds in the
adhesive layer adopt the concepts of the high-order theory (Rabi-
novitch and Frostig, 2000) while taking into account the thermal
effects and the degradation of the elastic properties (also see Fro-
stig and Thomsen (2007, 2008a,b)).
The integration of Eqs. (11–12) yields:
sxzaðx; zaÞ ¼ sxzaðxÞ ¼ sa; ð21Þ
rzzaðx; zaÞ ¼ sa;xza þ F1ðxÞ; ð22Þ
where F1(x) is a function of x only.
If the two interfaces are fully bonded, the shear stress is uni-
form through the depth of the adhesive layer and the vertical nor-
mal stress is linear (also see Rabinovitch and Frostig, 2000)). If one
of the interfaces is debonded but the damaged surfaces are in con-
tact, the zero shear condition, Eq. (4b), yields zero shear stresses
and uniform normal stress through the depth of the layer. If the
debonded interfaces are not in contact Eq. 5b, both the shear and
the normal stress rzza vanish.
By means of Eq. (21), the kinematic relation, Eq. (3b), the consti-
tutive law, Eq. (19), and by assuming that Ea and Ga do not totally
vanish, the vertical displacement of the adhesive takes the follow-
ing form:
waðx; zaÞ ¼ sa;x  f1ðx; zaÞ þ F1ðxÞ  f0ðx; zaÞ þ F2ðxÞ þ hðx; zaÞ; ð23Þ
where F2(x) is a function of x only and h(x,za), f0(x,za) and f1(x,za) are
given by:
f0ðx; zaÞ 
Z za
0
1
EaðTaðx; faÞÞ
dfa; f 1ðx; zaÞ 
Z za
0
fa
EaðTaðx; faÞÞ
dfa;
ð24-25Þ
hðx; zaÞ 
Z za
0
aaDTaðx; faÞdfa; ð26Þ
where fa is a dummy integration variable that replaces za in the
ﬁelds Ta(x,fa) and Ea(Ta(x,fa)), thus the integrals yield functions
of za.
In the cases of a full bonding or debonding with contact, F1(x)
and F2(x) are determined by the independent evaluation of the
compatibility condition Eq. (5a) at both interfaces. This yields
rzzaðx; zaÞ ¼ wfrp wrcf c0 ðxÞ
þ sa;x f
c
1 ðxÞ
f c0 ðxÞ
 za
 
 h
cðxÞ
f c0 ðxÞ
; ð27Þ
waðx; zaÞ ¼ sa;x h1ðx; zaÞ  f1ðx; zaÞð Þ þ ðwb wtÞh0ðx; zaÞ þwt
þ hðx; zaÞ  wðx; zaÞ; ð28Þ
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i.e. fc(x) = f(x,za = ca) and
h0ðx; zaÞ  f0ðx; zaÞf c0 ðxÞ
h1ðx; zaÞ  f0ðx; zaÞ f
c
1 ðxÞ
f c0 ðxÞ
;
wðx; zaÞ  f0ðx; zaÞ h
cðxÞ
f c0 ðxÞ
; ð29-31Þ
In the case of debonding with contact, sa, and sa,x in Eqs. (27), (28)
vanish. In case of debonding without contact, rzza,F1(x), sa, and sa,x
vanish and F2(x) is determined based on the compatibility condi-
tions Eq. (5a) evaluated at the single fully bonded interface.
The longitudinal displacement ﬁeld is determined by integrat-
ing the kinematic assumption of Eq. (3a). In the fully bonded case,
it reads:
uaðx; zaÞ ¼ s  g0ðx; zaÞ þ s;x  g1;xðx; zaÞ þ s;xx  g1ðx; zaÞ
 ðwfrp;x wrc;xÞ  g2ðx; zaÞ  ðwfrp wrcÞ
 g2;xðx; zaÞ þ uorc  ðYrc þ zaÞwrc;x þ vðx; zaÞ; ð32Þ
where
g1ðx; zaÞ 
Z za
0
ðf1ðx; faÞ  h1ðx; faÞÞdfa;
g2ðx; zaÞ 
Z za
0
h0ðx; faÞdfa; ð33-34Þ
g0ðx; zaÞ 
Z za
0
1
Gaðx; faÞ
dfa;
vðx; zaÞ 
Z za
0
ðw;xðx; faÞ  h;xðx; faÞÞdfa: ð35-36Þ
If one of the interfaces is debonded but vertical contact exists, sa
and sa,x in Eq. (32) vanish. If the adhesive-FRP interface is debonded
without contact, the longitudinal displacement reads:
uaðx; zaÞ ¼ wrc;xza þ uorc  Yrcwrc;x þ vðx; zaÞ: ð37Þ
If the adhesive-concrete interface is debonded without contact, it
reads:
uaðx; zaÞ ¼ ðwfrp;x wrc;xÞ gc2ðxÞ  g2ðx; zaÞ
 þ ðwfrp
wrcÞ gc2;xðxÞ  g2;xðx; zaÞ
 	
þ uorc  ðYrc þ za
 caÞwrc;x þ vðx; zaÞ  vcðxÞ: ð38Þ
The above formulation refers to a general temperature ﬁeld T (x,z).
Speciﬁc expressions for the case of linear variation with z and their
impact on the geometrically nonlinear response of sandwich panels
appear in Frostig and Thomsen (2007). In the case of the FRP
strengthened beam studied here, the variation of the temperature
through the thickness of the adhesive layer and, in turn, the varia-
tion of the elastic moduli through the thickness, are practically less
signiﬁcant. On the other hand, the variation in the x direction due to
localized thermal loads may be of practical signiﬁcance and
interest.
2.1.5. Governing equations
The governing equations are stated in terms of uot, wt, uob, wb,
and sa as follows:
EArcuorc;xx þ bsa ¼ nrc þ NTrc;x ð39Þ
A11frpuofrp;xx  B11frpwfrp;xxx  bsa ¼ nfrp þ NTfrp;x ð40Þ
EIrcwrc;xxxx þ b f
c
1 ðxÞ
f c0 ðxÞ
þ Yrc
 
sa;x þ bwfrp wrcf c0 ðxÞ
¼ qrc þMTrc;xx þ
hcðxÞ
f c0 ðxÞ
ð41Þ D11frpwfrp;xxxx þ B11frpuofrp;xxx þ b dfrp2 
f c1 ðxÞ
f c0 ðxÞ
þ ca
 
sa;x
 bwfrp wrc
f c0 ðxÞ
¼ qfrp þMTfrp;xx 
hcðxÞ
f c0 ðxÞ
; ð42Þ
uorc  uofrp þ sagc0  gc1ðxÞsa;xx  gc1;xðxÞsa;x  ca  gc2ðxÞ þ Yrc
 
wrc;x
 gc2ðxÞ þ
dfrp
2
 
wfrp;x  ðwrc wfrpÞgc2;xðxÞ þ vcðxÞ ¼ 0: ð43Þ
Eq. (43) stems from the compatibility conditions, Eq. (4a), imposed
at the adhesive-FRP interface. In the debonded regions, Eq. (4a) is
replaced with Eq. (4b) and, in the light of Eqs. (11) and (21), Eq.
(43) is replaced with the zero shear stress condition. Consequently,
Eq. (43) and all the terms that include sa and its derivatives vanish.
If the debonding is without contact, all terms associated with the
vertical normal stress vanish as well.
The governing equations form a set of linear ordinary differen-
tial equations with variable coefﬁcients. In the general case, the
elastic properties depend on the temperature and coordinates, a
general closed form solution does not exist, and a numerical solu-
tion is applied. The solution of the governing equations provides
the basis for the fracture analysis stage, which is discussed next.
2.2. Fracture analysis
The interfacial debonding initiation and growth criterion
adopts the concept of the energy balance and require that the en-
ergy release rate (ERR), G, equals the fracture energy, Gc. G is
evaluated using the J-integral (Rice, 1968; Wilson and Yu,
1979) or through the ﬁnite difference derivative of the total en-
ergy. Following the formulation presented in Lei (2005), the J-
integral for the two dimensional (x and z) case and a crack direc-
ted along the x-axis of the mechanically and thermally stressed
body reads:
G ¼ J ¼
Z
C
Wd1i  rij @uj
@x1
 
nidsþ
Z
A
rii
@eT
@x1
dA; ð44Þ
where C is the path surrounding the crack tip, A is the area sur-
rounded by C, rij are the components of the stress tensor, x1 = x
and x2 = z are the spatial coordinates, dij is Kronecker’s delta, and
W is the mechanical strain energy density function:
W ¼
Z eM
ij
0
rijdeMij : ð45Þ
The stress, strain, deformation, and energy density ﬁelds are ob-
tained by the stress analysis model. The J integral of Eq. (44), which
differs from the one adopted in Rabinovitch and Frostig (2001) for
the mechanically loaded beam, is path independent also under
the thermal traction.
2.3. Debonding growth simulation
The debonding process takes the form of an equilibrium surface
in the load-displacement-temperature space under the constraint:
Gðu; kM ; kTÞ  Gc ¼ 0; ð46Þ
where kM is a mechanical load factor that scales all mechanical
loads, kT is a thermal load factor that scales all thermal load (i.e.
the temperature difference ﬁeld), u = u(x) is the displacement ﬁeld;
and x designates the spatial coordinates or a speciﬁc point that is of
interest. The procedure for the evaluation of the equilibrium path
under the combined mechanical and thermal load is discussed next.
The particular case where the beam is only subjected to a mechan-
ical load is studied in Rabinovitch (2008a).
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pendent of the temperature. The case where this assumption does
not hold and Gc is a function of temperature is addressed at the end
of this section.
The debonding growth simulation takes advantage of the line-
arity of the stress analysis model. In case the temperature does
not affect the elastic properties of the adhesive, the displacements
response is linear in both the mechanical load factor kM and the
thermal load factor kT and the ERR is quadratic in the two load fac-
tors. In that case, the procedure outlined next can be directly used.
If the elastic moduli depend on the temperature, the linearity with
respect to kT vanishes and the applicability of the procedure is lim-
ited to the speciﬁc thermal load factor used for the formulation. It
is also assumed that the type of debonding (with or with out con-
tact) dose not change through the process. The thermo-mechanical
debonding simulation is as follows:
1. Deﬁne a series of debonding lengths, a = [ai] (i = 1. . .Na) ranging
from zero and up to complete detachment. Also, deﬁne the type
of debonding.
2. For the i‘th debonding length, ai,:
2.1 Solve the stress analysis model with the length of debond-
ed region = ai under an arbitrary magnitude of external load
kM and zero thermal load kT = 0. Evaluate the ERR and the
displacement ﬁeld corresponding to ai and kM:GMi ¼ Gðai; kM ¼ kM ; kT ¼ 0Þ: ð47Þ
uMi ¼ uðai; kM ¼ kM ; kT ¼ 0Þ: ð48Þ
(In the following, the over-bar designates arbitrary load fac-
tors or quantities obtained using the arbitrary factors)2.2 Solve the stress analysis model (with ai) under an arbitrary
magnitude of thermal load kT and zero mechanical load
kM = 0. Evaluate the ERR and the displacement ﬁelds corre-
sponding to ai and kT:GTi ¼ Gðai; kM ¼ 0; kT ¼ kTÞ ð49Þ
uTi ¼ uðai; kM ¼ 0; kT ¼ kTÞ ð50Þ2.3 Solve the stress analysis model (with ai) under arbitrary
magnitudes of both the thermal load kT and the mechanical
load kM . Evaluate the ERR corresponding to ai; kM kT :
TM M M T TGi ¼ Gðai; k ¼ k ; k ¼ k Þ: ð51Þ
3. Use the vectors GM ¼ ½GMi ;GT ¼ ½GTi ;GTM ¼ ½GTMi ; uM ¼
½uMi ; uT ¼ ½uTi  that correspond to the vector a = [ai] and the arbi-
trary magnitudes kM , kT to construct the functions GMðaÞ;GTðaÞ;
GTMðaÞ; uMðaÞ; uTðaÞ using a curve ﬁtting algorithm.
4. Using the linear and the quadratic forms, the displacements and
the ERR under any magnitude of loads kTkM read:uða; kT ; kMÞ ¼ uTðaÞ k
T
kT
þ uMðaÞ k
M
kM
ð52Þ
Gða; kT ; kMÞ ¼ GTðaÞ k
T
kT
 !2
þ GMðaÞ k
M
kM
 !2
þ GTMðaÞ  GTðaÞ  GMðaÞ
 	 kMkT
kMkT
ð53Þ
As mentioned at the beginning of the section, Eqs. (52), (53) are
valid in the temperature range where all elastic moduli are inde-
pendent of the temperature. Otherwise, the expressions are valid
only for the thermal load level used for the analysis kT ¼ kT and
Eqs. (52), (53) reduce to:uða; kMÞ ¼ uTðaÞ þ uMðaÞ k
M
kM
; ð54ÞGða; kMÞ ¼ GTðaÞ þ GMðaÞ k
M
kM
 !2
þ GTMðaÞ  GTðaÞ  GMðaÞ
 	 kM
kM
: ð55Þ
In case the elastic moduli and the fracture energy are independent
of the temperature, the equilibrium surface is deﬁned by Eqs. (52),
(53) and the constraint, Eq. (46). This yield a surface with the gen-
eral form w(u,kM,kT) = 0. If the elastic properties and/or the fracture
energy depend on the temperature, Eqs. (54), (55) are used and the
constraint of Eq. (46) is evaluated with Gc ¼ GcðkTÞ. In this case, kT is
not arbitrary but it represents the relevant level of thermal load.
The equilibrium surface then collapses to an equilibrium path
w(u,kM) = 0 that is valid for the speciﬁc kT only. In both cases, the
equilibrium surface or the equilibrium path are given in a paramet-
ric form with the crack length a being the parameter (in the math-
ematical sense), also see Carpinteri (1985) and Carpinteri and
Monetto (1999). The shape of the surface (or its 2D projection in
case one type of load is prescribed) deﬁnes the stability character-
istics of the debonding process.3. Numerical study
The numerical study includes two cases. First, the double lap
shear specimen experimentally studied by Klamer et al. (2005,
2006a,b, 2008) is examined. The comparison aims to validate the
model and explain some of the interesting phenomena observed
in the experiments. The second case studies a simply supported
FRP strengthened RC beam subjected to a combination of mechan-
ical and thermal loads.3.1. Comparison with experiments
The geometry and the mechanical properties of the specimen
follow Klamer et al. (2005, 2006a,b, 2008) and appear in Fig. 2.
The specimen is subjected to an uniform temperature change with
respect to a reference temperature of T = 20 C and to mechanical
loads at the ends. The specimen includes as pre-formed 50 mm
long debonded region near the saw-cut at the middle. In order to
simplify the analysis, symmetry conditions are adopted and 1/4
of the doubly symmetric specimen (Fig. 2(c)) is analyzed. The elas-
tic modulus of the concrete prism and the equivalent elastic mod-
ulus of the unidirectional FRP strip are assumed temperature
independent and equal Erc = 32.35 GPa and Efrp = 165 GPa, respec-
tively. The coefﬁcients of thermal expansion of the concrete, FRP,
and adhesive are arc = 11106[1/C], afrp = 0.3106[1/ C], and
aa = 90106[1/C], respectively. The fracture energy, Gc = 928 J/
m2, was calibrated using the experimental results given for series
A at the reference temperature (Klamer et al., 2005). With the ab-
sence of speciﬁc information regarding the temperature depen-
dency of the fracture energy for the particular case at hand, the
analysis ﬁrst follows Biel and Carlberger (2007) and Carlberger
et al. (2009) and assumes that the fracture energy is independent
of the temperature. The impact of the reduction in the fracture en-
ergy under low and elevated temperatures reported by Tschegg
and Krassnitzer (2008) for a different epoxy adhesive and interface
is then assessed. Following Kelmar et al. (2008), the elastic and
shear moduli of the adhesive layer, which depend on the temper-
ature, are given is Table 1. Due to the temperature dependency,
the simulation of the debonding process requires re-evaluation of
the path for every examined temperature through Eqs. (54), (55).
Fig. 2. Geometry (not to scale) and mechanical loading for the numerical study: (a) Double lap shear specimen adapted from Klamer et al. (2005); (b) Cross section of the
double lap shear specimen; (c) 1/4 of the doubly symmetric double lap shear specimen (d) Strengthened simplify supported beam.
Table 1
Temperature dependent elastic and shear moduli of the adhesive (adapted form
Kelmar et al. (2008)).
Temperature
[C]
620 30 40 50 60 70 80
Ea [MPa] 12,800 12,000 10,400 6,700 1,000 50.0 10.00
Ga [MPa] 4,925 4,615 4,000 2,575 385 19.2 3.85
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ported in Klamer et al. (2005) is the pattern of the dependency of
the debonding failure load on the temperature. This is also re-
ﬂected by the experiments reported in Blontrock (2003) and dis-
cussed in Klamer et al. (2005). To examine this unique aspect,
the results are presented in terms of the entire debonding path
at different temperatures and in terms of the debonding initiation
load versus temperature.
The equilibrium paths for the double lap shear test under
T = 10, 20, and 50 C and constant fracture energy appear in
Fig. 3. Two families of paths are presented. The ﬁrst one
(Fig. 3(a)) stands for a debonding process that initiates near the
saw-cut at the middle of the specimen and propagates towards
the edge (Inner debonding). The second group of paths (Fig. 3(b))
stands for a debonding process that initiates near the edge of the
bonded FRP strip and propagates towards the middle (Edge Deb-
onding). The curves show that the two types of debonding process
are unstable. Therefore, it is expected that the initiation of the deb-
onding immediately leads to a total peel off failure, regardless of
the temperature and the point of initiation. This observation is in
agreement with the experimental results reported in Klamer
et al. (2005). Fig. 3 also indicates that up to the higher examined
temperatures, the edge debonding initiation load is considerably
higher than the inner debondign load. This indicates that the inner
debonding, which is triggered by the lower failure load among the
two, is expected to happen way before the edge debonding. The ex-
tremely high (and evidently nonrealistic) failure loads attributed to
the edge debonding are therefore theoretical only.The thermal effect studied in Fig. 3 shows that the temperature
increase shifts the inner debonding path upwards and increases
the ‘‘strength” of the specimen. On the other hand, it shifts the
edge debonding path downwards and decreases the edge debond-
ing strength. These effects are further studied in terms of the deb-
onding failure load versus temperature curves next.
The theoretical and experimental failure load versus tempera-
ture results are studied in Fig. 4. Fig. 4(a) refers to inner debonding
and Fig. 4(b) refers to the edge debonding. The experimental re-
sults are taken from Klamer et al. (2005) and refer to test series
A (tested at T = 20, 50, and 75 C) and C (tested at T = 20 and
 10C). Gc was calibrated using the results of series A at
T = 20 C and kept constant yielding the asterisks (connected by
dotted lines) in Fig. 4. The crosses that are connected by the thin
dashed lines result from the analysis that accounts for the temper-
ature effect on the fracture energy as well. The comparison be-
tween the analytical and the experimental results in Fig. 4(a)
shows that the analytical model captures the increase in the inner
debonding load up to about 60 C and then the decrease in the fail-
ure load under higher temperatures. Both effects were observed in
the experimental study (Klamer et al., 2005). It is also observed
that the analytical values are in reasonable agreement with the
experimental ones.
The results in terms of the edge debonding loads versus temper-
ature appear in Fig. 4(b). Up to 60 C, the predicted failure loads are
signiﬁcantly higher than the ones due to inner debonding
(Fig. 4(a)) and therefore an edge debonding failure is not expected.
On the other hand, the edge failure load monotonically decreases
with the increase in temperature. Under temperatures higher than
60 C and a notable reduction in the elastic properties of the adhe-
sive, the predicted edge debonding load drops down to the levels
observed in the experiment. This implies that under the higher
temperatures, the debonding may have initiated at the edge of
the FRP strip rather than near the inner saw-cut.
Another aspect that affects the assessment of the temperature
impact on the failure is the potential dependency of the fracture
energy on the temperature. With the absence of experimental
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for the particular case at hand, the results assuming temperature
independent fracture energy appear in black asterisks connected
by dotted lines in Fig. 4. Tschegg and Krassnitzer (2008), on the
other hand, reported a reduction in Gc for other epoxy adhesives
and interfaces with the increase and with the decrease of temper-
ature. Quantitatively, they report an average reduction of about
18% at 40 C and an average reduction of about 10% at +45 C
(both with respect to the value at room temperature). A higher
reduction factor for elevated temperatures, but an increase in frac-
ture energy at about 55 C and at lower temperatures was reported
by Qiao and Xu (2005) but for a different material combination of
epoxy impregnated carbon fabric and concrete. Adopting the
reduction factors reported by Tschegg and Krassnitzer (2008) and
a linear interpolation/extrapolation yields the crosses connected
with thin dashed lines shown in Fig. 4. These results and the con-
sideration of the reduction in Gc reveal a better correlation with the
experimental results at the ends of the examined temperature
range. It is further expected that near the glass transition point,
the reduction in Gc would become even more prominent then the
one based on linear extrapolation (see, for example, Qiao and Xu,
2005). This trend would further lessen the differences between
the analytical prediction and the experimental results at higher
temperatures. It is, however, emphasized that the reduction factors
used in the analysis were not speciﬁcally derived for the particular
case at hand and, therefore, should be considered as a rough esti-
mation of the anticipated trends only.
In order to further study the difference between the inner deb-
onding and the edge debonding under thermo-mechanical load,the interfacial stress distributions are examined. The distributions
near the end of the debonded region pre-formed in the vicinity of
the saw-cut and near the edge of the FRP system under a pull out
load of 35 kN and a temperature rise of 30 C (applied separately)
appear in Fig. 5. Near the inner debonding, the interfacial stresses
due to the mechanical load and due to the thermal load are of
opposite signs. The thermal effect therefore tends to cancel the
interfacial stresses due to the mechanical loads. This explains the
increase in the failure load observed in the experiments up to
T = 60 C. Beyond this temperature, the reduction in the elastic
properties of the adhesive yields the reduction in the failure load
observed in the experiment and in the analytical results of Fig. 4(a).
The interfacial stresses near the edge show a different trend.
There, the stresses due to the mechanical load and the thermal load
are of the same sign. Therefore, the thermal stresses amplify the
shear and the peeling stresses at the adhesive-concrete interface
and reduce the failure load (Fig. 4(b), Klamer et al., 2005). The
reduction in the elastic properties of the adhesive further decrease
the predicted failure load leading to the steep reduction predicted
above 60 C.
The different trends detected in Fig. 5 also throw some light on
the different modes of failure reported in the experimental pro-
gram of (Klamer et al., 2005, 2006b). The mode of failure shifted
from failure in the concrete with a few millimeters thick concrete
layer attached to the FRP strip at room temperature to failure at the
adhesive-concrete interface at elevated temperatures. Fig. 5(a)
shows that at room temperature, the adhesive-concrete interface
near the inner crack is subjected to compression whereas the more
resilient adhesive-FRP interface is subjected to peeling (tensile)
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and contribute to the evolution of failure in the concrete cover
layer starting at the inner crack and propagating towards the
edges. Under the elevated temperature, on the other hand, the ver-
tical normal peeling stresses that develop at the adhesive-concrete
interface near the edge are signiﬁcantly ampliﬁed. This effect, the
reduction in the elastic properties of the adhesive, and the poten-
tial reduction in the fracture energy trigger a failure in the ten-
sioned adhesive-concrete interface. Such failure was observed in
the experiment. It should, however, be noted that the analysis re-
fers to debonding at the adhesive-concrete interface only. Yet, the
comparison between the interfacial failure and a cohesive failure
within the concrete member itself modeled using nonlinear frac-
ture analysis (Rabinovitch, 2008a,b) indicate that the presence of
the thin concrete layer due to debonding locus within the concrete
substrate does not signiﬁcantly changes the predicted failure path.
Finally, the analytical and the experimental results are com-
pared in terms of the strains along the outer face of the FRP strip.
The strains were experimentally measured using 10 mm long
strain gauges located at 10, 80, 150, 210, and 280 mm from the
end of the laminate. The distributions of the strain are compared
in Fig. 6. Two sets of results are examined. The ﬁrst one corre-
sponds to the reference temperature T = 20 C and the second
one to T = 75 C. The comparison reveals a good agreement be-
tween the analytical and the experimental results. The analytical
model captures the change in the strain distribution due to the
temperature rise and the deterioration of the elastic properties of
the adhesive. The softening of the adhesive reduces the effective-
ness of the stress transfer between the components and therefore
relaxes the steep development of the strains near the loaded edge.
Fig. 6 also shows that the resolution of the measurements with thestrain gauges is limited. In that sense, the analytical results com-
plement the experimental ones. For example, with the absence of
direct measurements, the analytical model quantiﬁes the localized
bending strains near the inner debonded region and the impact of
the thermal load on them.
3.2. Thermal impact on edge debonding
The geometrical properties of the 4.0 long Carbon FRP strength-
ened reinforced concrete (RC) beam appear in Fig. 2(d). The elastic
properties of the concrete, the adhesive, and the FRP, and the CTEs
are the same as in the previous example, yet the properties of the
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Gc = 950 J/m2 and, in the light of the discussion brought up above
and the lack of speciﬁc experimental data, it is assumed that the
fracture energy is independent of the temperature. The beam is
subjected to a uniformly distributed load and an uniform temper-
ature change.
The equilibrium paths under different temperatures appear in
Fig. 7. The points along line ABC refer to the structure before deb-
onding (i.e. a = 0). Point C is the ﬁrst one that satisﬁes the con-
straint of the fracture energy (Eq. (46)) and therefore designates
the initiation of the debonding process. In all cases, the equilibrium
path includes an unstable branch along points C–D. This branch re-
ﬂects the unstable debonding process governed by a snap through
and a sudden increase in deformations under load control or a snap
back and a sudden drop in load under displacement control (also
see Rabinovitch (2008a,b) and Carpinteri et al. (2009), both refer-
ring to mechanically stressed beams). Beyond point D, the debon-
dign process continues in a stable meaner towards point E with the
ﬁnal slope of the curve DE designating the stiffness of the debond-
ed beam. The sudden snap and, in some cases, the potential crack
arrest along branch DE (after a signiﬁcant growth of the interfacial
crack though) were experimentally observed (see, for example,
Rabinovitch and Frostig, 2003, 2006).
The equilibrium paths of Fig. 7 show that the thermal load alters
the snap point and therefore the debonding strength. Under the
studied conditions, which can all be considered in the range of stan-
dard service thermal loads, the temperature rise to 50 C reduces the
critical load level by almost 17% (see Fig. 7(e)–(f) compared with
Fig. 7(c) and (d)). On the other hand, when the temperature drops
to 10 C, the debonding strength is expected to increase by about
9% (see Fig. 7(a)–(b)). The reductionof thedebonding strengthunder
normal thermal loads conditions has a critical impact on the struc-
tural performance of the element. Therefore, it should be considered
in the design and analysis procedures.0 50 100
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Fig. 7. Equilibrium paths for edge debonding in a simply supported beam under uniform
zoom plot on the snap through point; (c) T = 20 C; (d) T = 20 C, zoom plot; (e) T = 50 4. Summary and conclusions
The inﬂuence of thermal loads on the debonding failure in
beams strengthened with externally bonded composite materials
has been analytically investigated. The analytical approach has in-
cluded a high order stress analysis model that incorporates the
thermally induced effects and a fracture mechanics model that
uses the J integral formulation and its augmentation to the ther-
mo-mechanical case. The two models have been combined for
the synthesis of the equilibrium surface and for the simulation of
the interfacial crack initiation and propagation process.
The analytical capabilities have been validated through compar-
ison with experimental results taken from the literature. The anal-
ysis of a double lap shear specimen subjected to mechanical and
thermal load has revealed a good agreement with the experimental
results. A correlation has been observed in the terms of the impact
of the thermal load on the pre-deboning strain ﬁeld and the deb-
onding failure load. The analysis has quantiﬁed and explained
some of the various phenomena observed in the experiments. In
particular, it has captured and quantiﬁed the stability characteris-
tics and initial increase and then the decrease in the debonding
failure load. The analytical results have shown that this non-mono-
tonic trend is affected by the thermal impact on the interfacial
stresses, the inherently different stress ﬁelds near an inner crack
and near the edge of the bonded system, the thermal degradation
of the elastic properties of the adhesive, and, potentially, the ther-
mal degradation of the fracture energy.
The analytical approach has been adopted for the numerical
study of the impact of a thermal load on the debonding initiation,
growth, and stability in a simply supported strengthened beam.
The results have revealed a reduction in the anticipated snap load
and a reduction in the load level designating the transition to insta-
bility. This trend has pointed at a reduction in the debonding
strength with the increase in temperature, even in cases that are50 100
20oC
L/2) [mm]
0 50 100
0
50
100
150
200
250
300
350
T=50oC
wrc(x=L/2) [mm]
q r
c [
kN
/m
]
18 20 22
20oC
/2) [mm]
12 14 16 18 20 22
45
50
55
60
65
70
T=50oC
wrc(x=L/2) [mm]
q r
c [
kN
/m
]
(f)(d)
(e)(c)
E
C
E
D
C
B
A
D
B
D
mechanical load and an uniform temperature change: (a) T = 10 C; (b) T = 10 C,
C; (f) T = 50 C, zoom plot.
3244 O. Rabinovitch / International Journal of Solids and Structures 47 (2010) 3234–3244well within normal thermal conditions. The above aspects and,
mainly, the predicted reduction in the debonding strength under
normal thermal condition should be taken into account in the de-
sign and assessment of the load capacity of the strengthened
element.
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